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ABSTRACT

It is demongrated that the Saegnac effect for eectromagnetic
and matter waves cannot be explained by a U( 1) holonomy, which gives a
null result. An O(3) holonomy is needed in both cases in order to

reproduce the Sagnac and Michdson Gde effects to high accuracy.

KEYWORDS: Holonomy in the Sagnac effect; O(3) holonomy; non-

Abelian Stokes Theorem.

1. INTRODUCTION

It is well known that the Maxwel Heavisde fidd equetions
cannot describe the Sagnec effect, which is an extra phase shift observed
when the platform of the Sagnac interferometer is rotated { 1 }. The

same is true for the Michdson Gale expariment { & }, where the rotating




platform is the diurnd rotation of the earth, and aso for the ring laser
gyro { 3 }. The basic resson for the null result from the Maxwell
Heavisde eguations is that they are metric invariant and frame invariant {
W }, S0 are unaffected by rotation. Another way of seeing this is that the

phase factor of recelved classcd eectrodynamics.
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is invariant under motion reversd symmetry (T). Here &0 isthe
angular frequency of the dectromagnetic wave in free space at ingant t
and Y is its wave-vector a point r. The number 0( IS random,
because the phase in Maxwell Heavisde dectrodynamics is defined only
up to a random factor d { 1 }. One loop (eg. clockwise, (C)) of
the Sagnac interferometer is generated from the anticlockwise (A) loop by
the operator T. This is true when the platform is a rest and so0 the
Maxwell Heavisde phase cannot describe the phase shift observed in the
Sagnac interferometer when the platform is at rest, because the Maxwell

Heavisde phase is identica for A and C loops. It has been shown

recently that this type of result is true in generd in interferometry { S = 10




} . The Maxwell Heavisde theory does not describe interferometric
phenomena.

The Maxwell Heavisde theory is generdly accepted in
received opinion as a gauge field theory invariant under loca U( 1)
transformations of the lagrangian { ! } of the internd space of the
gauge theory, a scaar space. This view implies that the Sagnac effect
must be described by a holonomy, or round trip in space-time, with
padld transport using U( 1) covariant derivatives { 1 }. The
holonomy must fail, however, to describe the Sagnac effect because it is
equivdent to Maxwell Heavisde theory. In section 2 this concluson is
demondrated in detal, sarting from a generdly applicable non-Abelian
Sokes Theorem. In Section 3 it is shown how an O(3) invariant gauge
fidd theory applied to eectrodynamics reproduces the Sagnac and
Michelson Gde effects, and the ring laser gyro, usng a holonomy with
O(3) covariant derivatives. In s0 doing it is shown that the Sagnac and dl
interferometric effects are O(3) invariant, and depend on a phase factor
which is an area integra over the Bmfield {S =10} The later is

therefore the cause of dl interferometry and related physicad optical

effects. This result is dso true in the Sagnec effect for matter waves, such




as electron waves, i.e. an O(3) holonomy is needed for the recent
observation of the Sagnac effect { | & } in dectrons. This result is
demondtrated in Section 4. Findly in Section 5 it is shown tha an O(3)
holonomy is compatible with the explanation recently offered by Vigier {

| 2} of the Sagnac effect using finite photon mass.

2. NULL RESULT OF THE U( 1) HOLONOMY IN THE SAGNAC
EFFECT WITH PLATFORM AT REST AND IN MOTION.

For dl gauge group symmetries the holonomy results in the non-

Abelian Stokes Theorem { | U3
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condgting of an identity between properties of covariant derivatives 9“
for any gauge group symmetry, incuding U(1) and O(3). Egn. ( & ) is

equivdent for dl gauge group symmetries to the Jacobi identity { [ }:
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In generd the covariant derivative can be written as
b < - R (v

where g is a topological charge {1 © } and where:
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Here A are the group rotation generators { | | 3. For U( 1) we use the
scalar M = -1 { 1{ }. Interferometry is described { {0 } by the phase

factor identity equivalent to egn. (& ), i.e:

” “N\ L e L 0. A/uu
Ve ng (1o f O a " Yo s (19, 00,07 ”).
—®

This expresson smplifies to:
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where (3},\, is the field tensor for any gauge group symmetry:
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If the gauge group is U( 1) the fidd tensor smplifies to:
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and the expression on the left hand side of egn. ([ ) smplifies to:
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The U(1) holonomy for the Sagnec effect with platform a rest therefore

produces the phase factor: | p
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However, in the Maxwel Heavisgde theory to which this U( 1) holonomy
corresponds, both A and_§ are transverse plane waves in free space.

Therefore A is perpendicular to the path r.  Therefore:

A - 4dc = © «——<\a>
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both for the A and C loops, and there is no observed phase shift when the

platform of the Sagnac interferometer is a rest, contrary to observation { | = 2



}. The phase factor ( 1) is invariant under U(1) gauge
trandformation and is metric invariant, and 0 cannot describe whet is
usually referred to as the Sagnac effect, the extra phase shift observed

when the platform is rotated {1~ 2} .

3. DESCRIPTION OF THE SAGNAC EFFECT WITH AN O(3)
HOLONOMY.

The O(3) holonomy is a round trip in space-time usng pardld
transport with O(3) covariant derivatives. The internd space of the gauge
fidd theory is the physicd three dimensond space described by the
rotation group O(3) using a complex basis (1), (2), (3)) {S~10}. The
latter is based on the empiricd exisence of circular polarizaion: the
indices (1) and (2) correspond to left and right handed circularly polarized

waves and (3) is defined {5 -1¢ } by the unit vector agebra
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in cyclic permutation. In the Sagnec effect the O(3) holonomy results in

the phase factors:
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one for each index (1), (2) and (3). However, by definition:
()
jgﬂ - A0 =0 —(®

s0 the Sagnac effect when the platform is a rest is described by the phase

factor:
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in which A is pardld to the path. The topologicd charge is defined { S - Lo
} by:
o = Y _( 17>
(o)
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where A is the scalar magnitude of A . Therefore eqn. (| 6)

becomes:
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the left hand Sde of this equation is a line integra which changes sgn on
goplication of T. The empiricdly observed phase shift when the platform

is a rest is therefore given precisgly by egn. ( | ¥ ) to be:
§oaxer. (9
()

The’].:i field component on the right hand side of egn. ( Y ) is
generated from paradle transport with O(3) covariant derivatives,

specificaly from the commutator { S ~ 10} :
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In generd gauge fidd theory a gauge trandformation is a rotation in the

internal gauge space, a rotation defined by:

o - g (om0 = ()
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where M ae the group rotation generators and N ae angles. In the
O(3) gauge field theory with a physicd interna space with basis ((1), (2),

(3)) the rotation in the internal space is a physical rotation, corresponding



to the rotation of the Sagnac platform. This rotation, or gauge

transformation, resuits in { V4 1}

A (3) + —L
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whose time-like part is
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where L is the angular frequency of rotation of the platform. Using

egns. (171 Yand (2 © ) the right hand side of egn. ( \€ )canbe
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and egn. ( Al ) produces { 1 -} the correct phase shift observed

written as,

empiricaly { 1 = % } in the Sagnac effect when the platform is rotated:

hg = heR Ao (as)
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The Sagnac effect is therefore correctly described by the O(3) holonomy
and is essentidly the frequency shift, egqn. ( @2 ). The frequency shift

is independent of whether the observer is on or off the platform, as

l




observed { | —2}, and the area A ¢ can be any shape, as observed {1-3
}. The correct description emerges from the fact thet the internd gauge
gpace is a physicd space and therefore a gauge transformation is a

physicd rotation resulting in egqn. ( 3 ), a frequency shift.

4. SAGNAC EFFECT IN MATTER WAVES WITH AN O(3)

HOLONOMY. 3

Recently Hasselbach et . { |ff } have observed the Sagnac
effect with eectron waves. The phase shift caused by the rotating
plaform is the same as that observed with eectromagnetic waves, and is
egn. ( 35 ). In this section this significant result is explaned using the
same theoretica dructure as in section three, i.e. usng an O(3) holonomy.
The theoreticd explanation and experimenta result { | Z } suggests that
the Sagnac effect is independent of the property of the wave being used
for its observation, and should be the same for al matter waves, for
example neutron, atomic and molecular matter waves. This result implies

that the Sagnac effect is determined only by the rate at which the platform

IS rotated, i.e. is determined by the angular frequency <2 .

\5




The theoretical explanation of the effect observed by Hasselbach

a
et a. { { % } darts with the O(3) invariant energy momentum tensor:
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H ere{ is the Dirac congtant, and ™, the rest mass of the particle
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concomitant with the wave. In condensed notation both P 5 ¢ lgu
A

are governed by a gauge transformation:

o Sp 5T ()T = (39
ya Ve
and gmilaly for y;u . For rotation about the Z axis we obtain the
result:
o () o
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which is the same as
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The holonomy difference with platform at rest for anticlockwise (A) and

clockwise (C) loops is.

DY - e ((207A) — (3

where, from egn. ( &1 ),
Y 2 b
3
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The extra holonomy difference due to the rotating platform is, from egn.

K

(30):

P
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giving agan egn. ( a g),asobserved.

5. SAGNAC EFFECT FOR PHOTON WITH REST MASS.

The explanation of the Sagnac effect for the photon with rest
meass is the same as that for the dectron in section four and is compatible
with the explanation given by Vigier { 13) of the Sagnac effect and

Langevin paradox usng finite photon mass. However, Vigier did not use

1S
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gauge theory but rather a kinematic explanation. The gauge theory used
in this paper has the advantage of demondrating the compatibility of
photon mass with the__Bfn fidd. Both can be used as an explanaion of
the Sagnac effect. The B(B)field hes the additiond advantage of being the
touchgtone for the explanation of dl interferometric effects through the
O(3) invariant equation ( | b ); and dso of providing an O(3) invariant

explanation of the Aharonov Bohm effect { lg }.
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