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ABSTRACT 

The ECE2 field equations have a pseudo Lorentz covariance, and a Lorentz 

transform applied to the field tensor produces the Lorentz force equation for 

\ 
gravitomagnetism and the gravitomagnetic Biot Savart and Ampere laws. These laws are 

applied to planar orbits to find the gravitomagnetic field of the orbit and the current of mass 

density of the planar orbit. The method is generally valid and can be used on all scales. 

Keywords, ECE2, frame transformation of the gravitomagnetic field tensor, gravitomagnetic 

Biot Savart and Amp~re laws for planar orbits. 



1. INTRODUCTION 

In recent papers of this series { 1 - 12} the development has been initiated of 

ECE2 theory, which was inferred following the correction in UFT313 ofthe second Bianchi 

identity of 1902 for torsion. In UFT314 to UFT319 ECE2 has been developed in vector 

notation. In this paper the Lorentz transformation of the gravitomagnetic field equations is 

developed to give the Lorentz force equation of gravitomagnetism and the Biot Savart and 

' Ampere laws for planar orbits. The gravitomagnetic field can therefore be calculated for 

planar orbits, together with the current of mass density for planar orbits. 

As usual this paper should be read together with its background notes posted 

with UFT320 on www.aias.us. Note 320(1) defines the field tensors of gravitomagnetism in 

ECE2 and defines the Lorentz transformation. Notes 320(2) to 320(5) begin the development 

ofthe theory, the final form of which is reached in Notes 320(6) and 320(7). 

In Section 2 the gravitomagnetic field responsible for the centrifugal force of 

' planar orbits is calculated straightforwardly, and the Biot Savart and Amper<.laws defined. 

The gravitomagnetic field responsible for planar orbits in general is calculated from the Biot 

' Savart law. The Ampere law is used to calculate the current of mass density for any planar 

orbit. The results are graphed and discussed in Section 3. 

2. FIELD TENSORS AND LORENTZ TRANSFORMATION 

The ECE2 field equations of gravitomagnetism are: 
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In these equations g denotes the gravitational field and .sJ_ the gravitomagnetic field. 

These equations have the same structure as those of the electromagnetic field in ECE2 theory 

with the assumption that the magnetic charge I current density vanishes. Therefore it has been 

assumed in Eqs. ( 1.. ) to ( 4- ) that the gravitomagnetic charge I current density 

vanishes. The contravariant index notation means that: 
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Lorentz transformation of the field tensors gives the result: 'i ) 
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where b is the Lorentz factor: 



The primed index indicates the frame in which the particle is moving, so in orbital theory it is 

the frame of the observer. For example a conical section orbit is observed for the Hooke I 

Newton inverse square law as is well known. In the rest frame 
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Eqs. ( b ) and ( I ) have exact parallels in electrodynamics: 
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where E is the electric field strength in volts per meter and B is the magnetic flux density in -
tesla. 

In the non relativistic limit: 

) 

and the gravitational Lorentz force is: 
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As discussed in detail in Notes 320(1) and 320(7), the orbhal velocity in cylindrical polar 

coordinates of a mass m attracted to a mass M .;is in general: 
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where the unit vectors ofthe cylindrical polar system are defined { 1 - 12} by: 
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For a planar orbit { 1 - 12}, the acceleration in general is: 
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Here r is the radial vector defined by: 
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is the angular velocity vector perpendicular to the plane: 
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This assumption is made for two dimensional orbital theory but in three dimensional orbital 

theory a richer structure emerges { 1 - 12}. The planar orbital force is therefore: 

-. -
where G is Newton's constant. This is the 1689 Leibnitz equation of orbits still used today in 



a Newtonian context. The orbital force equation can be written as: 
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It is clear that the orbital force equation is the Lorentz force equation ( \.S ) if: 
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which is the gravitomagnetic field responsible for the centrifugal force of any planar orbit. 

The velocity of the rotating frame with respect to the fixed frame is the linear orbital velocity, 

the well known equation: 
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In the non relativistic limit the electromagnetic Lorentz transforms are: 
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and the gravitomagnetic Lorentz transforms are: 
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In these equations the primes indicate the field in the observer frame in which the 

velocity of a charge or a mass is non-zero. 

It is well known { 1 - 12} that the fundamental definition of magnetic flux density 

B, the Biot Savart law, is obtained from Eq. ( )\ ) with: 

0 --
an equation which means that there is no magnetic field in the rest frame, the frame in which 

the electric charge does not move. The electromagnetic Biot Savart law is therefore: 

' -
'l 
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inS. I. Units. The prime in Eq. ( 3 \ ) means that the law is written in the observer frame, 

the frame in which the velocity v of the electric charge is non-zero. In electrodynamics 

textbooks the prime is omitted, and the Biot Savart law becomes: 

-
It si well known { 1 - 12} that the Biot Savart law can be written as: 

' which is the Ampere Law of magnetostatics, describing the magnetic flux density generated 

by a current loop of any shape. It follows that: 

--

so the current density of electrodynamics is: 



Here: 

In a precisely analogous manner the gravitatomagnetic Biot Savart law is: 
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and the current of mass density is: 
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Eqs. ( 3 ~ ) and ( 4-S ) can be used with any type of orbital theory, and J evaluated for - """ 
any orbit. 

For the inverse square law: 

"l 
( 

the orbit in plane polar coordinates is the conic section: 

and the orbital velocity is: 

where the semi major axis of an ellipse for example is: 
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Here ~ is the half right latitude and E::..._ is the eccentricity. Some examples ofthe 

orbital gravitomagnetic field are given in Section 3. 
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3 Graphical analysis of orbital gravitomagnetic

�elds

The gravitomagnetic �eld Ω and the gravitomagnetic current density Jm have
been computed for an elliptic orbit in a plane. From Eqs.(38, 40) we have

Ω = − 1

c2
v × g (49)

Jm =
1

4πG
∇× (v × g) . (50)

Using cylindrical coordinates (r, θ, Z) in a X-Y plane, we have for the Newton
law of gravitation:

v =

 dr
dt
ωr
0

 (51)

g =

−MG
r2

0
0

 (52)

as described in section 2. The anglular velocity ω is not constant but depends
on the coordinates, too. Therefore we use

ω =
L

mr2
(53)

as known from earlier work for conical sections with angular momentum

L = m
√
αGM. (54)

The time derivative of r can be expressed by

dr

dt
=
dr

dθ

dθ

dt
=
dr

dθ
ω. (55)
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The elliptic orbit is given by

r =
α

1 + ε cos(θ)
(56)

from which we get

dr

dθ
=
ε r2 sin (θ)

α
. (57)

Inserting this into Eq.(51) gives

v =

 ε ω r2 sin(θ)
α
ωr
0

 (58)

and

v × g =

 0
0

ωGM
r

 . (59)

From (49) and (56) follows

Ω = − 1

c2
v × g =

 0
0

−ωGMc2 r

 =

 0
0

−
√
αG

3
2 M

3
2

c2 r3
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and from (39,50)

Jm =
c2

4πG
∇×Ω =

 0
− ωM

4π r2

0

 =

 0

− 3
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αGM

3
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In Fig. 1 the velocity components including the modulus |v| are graphed for
an elliptic orbit with unit parameters and ε = 0.3. As expected, the radial part
of the linear velocity oscillates and the angular component varies. The modulus
is determined mainly by the angular component and is minimal at aphelion
(θ = π).

Both ΩZ and Jmθ are plotted in Fig. 2. Their maximum and minimum
absolute values correspond to those of the linear velocity (note that ΩZ and
Jmθ are both negative). For direct comparison, Jmθ has been stretched so that
it �ts to the end points of ΩZ . It can be seen that the current density has a
greater angular variation because its radial dependence is 1/r4 while ΩZ exhibits
only a 1/r3 dependence.
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Figure 1: Velocity components vr, vθ and |v| for an elliptic orbit.

Figure 2: Lorentz force component ΩZ , current component Jmθ and re-scaled
current for an elliptic orbit.
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3. GRAPHICAL ANALYSIS OF ORBITAL GRA VITOMAGNETIC FIELDS 

Section by Dr. Horst Eckardt. 
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